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Our plan for today

• General overview of the transport process
• Methods to evaluate 
– Drude
– Boltzmann
– Kubo

• The memory function approach
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Linear response

𝑓 𝜔 𝑒  𝑓 𝑡
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𝜔 → 0

𝑗 𝜎  𝐸
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𝑗 𝑡 𝜎 𝑡 𝑡  𝐸 𝑡 𝑑𝑡′

𝐸 𝑡 𝐸 𝑑𝑡 𝛿 𝑡  ⇒    𝑗 𝑡 𝐸 𝑑𝑡 𝜎 𝑡

𝑗 𝑡 𝐸 𝑑𝑡 𝜎  𝑒 /

10



𝑗 𝑡 𝜎 𝑡 𝑡  𝐸 𝑡 𝑑𝑡′

𝐸 𝑡 𝐸 𝑑𝑡 𝛿 𝑡  ⇒    𝑗 𝑡 𝐸 𝑑𝑡 𝜎 𝑡

𝑗 𝑡 𝐸 𝑑𝑡
𝑛𝑒
𝑚 𝑒 /

𝜎 𝑡 𝜃 𝑡
𝑛𝑒
𝑚 𝑒 /

11



𝜎 𝑡 𝜃 𝑡
𝑛𝑒
𝑚 𝑒 /

12



𝜎 𝑡 𝜃 𝑡
𝑛𝑒
𝑚 𝑒 /

𝑓 𝜔 𝑒  𝑓 𝑡

𝜎 𝜔
𝑛𝑒
𝑚

1
1
𝜏 𝑖𝜔
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𝜎 𝑡 𝜃 𝑡
𝑛𝑒
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𝜎 𝑡 𝜃 𝑡
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Paul Karl Ludwig Drude
1863-1906 15



𝜎 𝑡 𝜃 𝑡
𝑛𝑒
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𝜎 𝜔
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1
1
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𝜔 → 0

𝜎
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Fig. 10.1 Coleman, Piers. 2015. Introduction to Many-Body Physics. 
Cambridge University Press. 16
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ky

An electric field accelerates 
electrons 

17



Need to evaluate 
the time evolution of the current

(…we know how to do that…)
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Notice that 

is a single particle operator

Then

,
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Geography of the 
single particle density matrix
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Geography of the 
single particle density matrix

• Diagonal elements  Occupations
,
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Geography of the 
single particle density matrix

• Diagonal elements  Occupations
,

• Non‐diagonal elements  Coherences
,
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Equations of motion and irreversibility

• Equations of motion are time reversible…

?!?! 
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The Boltzmann street
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The Boltzmann street
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The Boltzmann street
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The Boltzmann street

𝑑𝑓
𝑑𝑡 𝐶 𝑓 ,𝑓
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Effects of quantum coherence: 
Anderson localization

Tunneling and Transport Measurements at the Metal-Insulator Transition of Amorphous Nb: Si
G. Hertel, D. J. Bishop, E. G. Spencer, J. M. Rowell, and R. C. Dynes
Phys. Rev. Lett. 50, 743 (1983)
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Other methods based on 
the evolution of 

the 1 particle density matrix
• Kadanoff and Baym…
• Keldysh and family…

Will ignore them because today, I do not 
understand them well enough…
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Let’s do an experiment… 
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Equilibrium after a long time

𝐽
𝑇𝑟 𝑒 𝐽

𝑇𝑟 𝑒
‐ Kubo identity (disentangling…)

𝑒 𝑒 𝑒 𝑒 𝐵𝑒

𝐽 𝐽 𝑃, 𝐽 𝐸

𝐴,𝐵 𝑑𝜇 𝑒 𝐴 𝐴 𝑒 𝐵 𝐵
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We can use the same trick 
with the time variation of 

Which is the Kubo formula… 
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The tale of Greenwood and Kubo
𝐻 𝜀  𝑐 𝑐  ⇒  𝜎 𝑡 𝐽 𝑡 𝐽

𝑓 𝜀 𝑓 𝜀
𝜀 𝜀 𝑛 𝚥̂ 𝑠 𝑒

,

Greenwood, D. A. 1958. “The Boltzmann Equation in the Theory of Electrical Conduction in Metals.” 
Proceedings of the Physical Society of London 71 (460): 585–96. 46
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Anderson localization
𝐻 𝜀⃗ 𝑐⃗ 𝑐 ⃗

⃗

𝑡 𝑐 ⃗ 𝑐 ⃗
⃗,

𝜀 ⃗ Random 𝑊,𝑊
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Anderson localization
𝐻 𝜀⃗ 𝑐⃗ 𝑐 ⃗

⃗

𝑡 𝑐 ⃗ 𝑐 ⃗
⃗,

𝜀 ⃗ Random 𝑊,𝑊

Re𝜎 𝜔

𝜔Re𝜎 𝜔 ∑ 𝑛 𝚥̂ 𝑠, 𝛿 𝜔 𝜀
𝜀 )
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Kubo and ab‐initio

𝜎 𝑡 𝐽 𝑡 𝐽
𝑓 𝜀 𝑓 𝜀

𝜀 𝜀 𝑛 𝚥̂ 𝑠 𝑒
,

𝑓 𝑧 𝑒  𝑓 𝑡

𝜎 𝑧 𝑖
𝑓 𝜀 𝑓 𝜀

𝜀 𝜀
𝑛 𝚥̂ 𝑠

𝑧 𝜀 𝜀
,

Periodic boundary conditions ⟹Always modes that do not decay 

Macroscopic limit of LARGE systems and LONG times!!
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Memory Function

𝜎 𝑡 𝐽 𝑡 𝐽 𝑒 𝐽 𝐽
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Memory Function

𝜎 𝑡 𝐽 𝑡 𝐽 𝑒 𝐽 𝐽

𝑄 1 𝑃 1  𝐽 𝐽

Projector
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Memory Function

𝜎 𝑡 𝐽 𝑡 𝐽 𝑒 𝐽 𝐽

𝑑𝐽 𝑡
𝑑𝑡 𝑑𝑡  𝐽 𝑡 𝑡

𝑒 𝑄𝐿𝐽 𝑄𝐿𝐽

𝐽 𝐽
𝑖𝑒 𝑄𝐿𝐽

𝑄 1 𝑃 1  𝐽 𝐽

Exact!

Mori, Hazime. “Transport, Collective Motion, and Brownian 
Motion.” Progress of Theoretical Physics 33, 423 (1965). 53



Memory Function

𝜎 𝑡 𝐽 𝑡 𝐽 𝑒 𝐽 𝐽

𝑑𝐽 𝑡
𝑑𝑡 𝑑𝑡  𝐽 𝑡 𝑡

𝑒 𝑄𝐿𝐽 𝑄𝐿𝐽

𝐽 𝐽
𝑖𝑒 𝑄𝐿𝐽

𝑄 1 𝑃 1  𝐽 𝐽

𝑑𝐽 𝑡
𝑑𝑡 𝑑𝑡  𝐽 𝑡 𝑡  𝑚 𝑡 𝑓 𝑡

Langevin Eq.
memory random 

Force
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Memory Function

𝑑𝐽 𝑡
𝑑𝑡 𝑑𝑡  𝐽 𝑡 𝑡  𝑚 𝑡 𝑓 𝑡

Short memory.

memory random 
Force

𝑑𝐽 𝑡
𝑑𝑡 𝐽 𝑡

1
𝜏 𝑓 𝑡

𝑚 𝑡
1
𝜏 𝛿 𝑡

Langevin Eq.
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Memory Function

𝑑𝐽 𝑡
𝑑𝑡 𝑑𝑡  𝐽 𝑡 𝑡  𝑚 𝑡 𝑓 𝑡

Langevin Eq.
memory random 

Force

𝑑𝐽 𝑡
𝑑𝑡 𝐽 𝑡

1
𝜏 𝑓 𝑡
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Memory Function

𝜎 𝑡 𝐽 𝑡 𝐽 𝑒 𝐽 𝐽 ⟹
𝑑𝜎 𝑡
𝑑𝑡 𝑑𝑡  𝜎 𝑡 𝑡  𝑚 𝑡

𝑑𝐽 𝑡
𝑑𝑡 𝑑𝑡  𝐽 𝑡 𝑡  𝑚 𝑡 𝑓 𝑡
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Memory Function

𝑑𝜎 𝑡
𝑑𝑡 𝑑𝑡  𝜎 𝑡 𝑡  𝑚 𝑡
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Memory Function
𝑑𝜎 𝑡
𝑑𝑡 𝑑𝑡  𝜎 𝑡 𝑡  𝑚 𝑡
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Memory Function
𝑑𝜎 𝑡
𝑑𝑡 𝑑𝑡  𝜎 𝑡 𝑡  𝑚 𝑡

𝑓 𝑧 𝑖 𝑒  𝑓 𝑡 𝑑𝑡

Laplace 
transform

𝜎 𝑧
𝑛𝑒
𝑚

1
𝑚 𝑧 𝑧

Generalized 
Drude form
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Self‐Consistent Current Relaxation
(how to calculate  )

61
Adapted from the free electron gas solution of Götze, Wolfgang. “The Mobility of a Quantum Particle 
in a Three-Dimensional Random Potential.” Philosophical Magazine B 43, 219 (1981)
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Self‐Consistent Current Relaxation
(how to calculate m(z))
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Model of disorder: 
alloy, solvent, …

Charge relaxation of the ordered 
system from DFT code

M. Troppenz, B. Green, S. Rigamonti, C. Draxl, JS, “Memory Function Approach
for the Impurity Limited Electrical Conductivity of Solids”, in preparation.
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for the Impurity Limited Electrical Conductivity of Solids”, in preparation.



Implemented in “exciting”
Proof of principle: Na (bcc) with random alloy disorder

ht
tp
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In summary…
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In summary…
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In summary…
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In summary…

Thank you!
Send your comments to
sofo@psu.edu 72



Reflection…

“Hold Infinity 
in the palm of your hand 

And Eternity 
in an hour” 

Auguries of Innocence, 
William Blake

𝑚 𝑧
1
𝑛𝑚 𝑈 𝑞  𝜙 𝑞, 𝑧

𝜙 𝑞, 𝑧
𝜙 𝑞, 𝑧 𝑚 𝑧

1 𝑚 𝑧  𝜙 𝑞, 𝑧 𝑚 𝑧  /𝑔 𝑞
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