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Many things can happen to a particle that propagates in the middle of others......
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- Effective interaction brings in additional excitations
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Usually good gaps and band structures in GW
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Issues:

- self-screening

(imagine to remove an electron: who contributes to W?)

W. Nelson, P. Bokes, P. Rinke, and R. W. Godby, Phys. Rev. A 75, 032505 (2007)
J. J. Fernandez, Phys. Rev. A 79, 052513 (2009)

P. Romaniello, S. Guyot, L. Reining, JCP 131, 154111 (2009)



Issues:

- self-screening

— strong correlation (degeneracy)

(“the charge density” responds)

See, e.g., Romaniello, Bechstedt, Reining, PRB 85, 155131 (2012)
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— The one-body spectral function of silicon

M. Guzzo et al., PRL 107, 166401 (2011) in collab. with J. Kas and J. Rehr, M. Silly and F. Sirotti
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Equation of motion of the one-body Green’s funtion

C%(LQ)::G@Uq2)+Cj%L§){hﬂg)+ﬂHhA§HGE612)+dv43£® 5u@§?)}

1= (11,01, t1) ﬂDmDE/dUﬂMQ) Gy = Glu]

J. Schwinger, PNAS. 37: 452 (1951)
L. P. Kadanoff and G. Baym, Quantum Statistical Mechanics, W. A. Benjamin, New York, 1964

R.M. Martin, L. Reining, D.M. Ceperley, “Interacting Electrons:Theory and Computational T [
Approaches”, Cambridge (2016) o Wl s

Giovanna Lani, Pina Romaniello, Arjan Berger, Matteo Guzzo, Adrian Stan,
Lorenzo Sponza, Christine Giorgetti, Matteo Gatti, Walter Tarantino,
Bernardo Mendoza, J. Sky Zhou, Marilena Tzavala, Stefano Di Sabatino,
Pierluigi Cudazzo, John Rehr, Joshua Kas

Note: for DFT and RDMFT, see R. Fukuda et al., Progress of Theoretical Physics 92, 833 (1994)




Common approximations

Gu(la 2) — Go(l, 2) + Go(l, 3) {[U(g) + UHu(g)]Gu(ga 2) + ivC(g’Z‘I—“) 5((5;;(23—;)2) }

6G(3,2) _ 0G1(5,6)
du(4) = —G(3,5) du(4)

Gu(1,2) ~ G°(1,2) + G°(1,3) {[u(3) + viu(3)]Gu(3,2) + iv.(3,1)G(3,1)G(4,2)}

G(6,2) ~ G(3,4)G(4,2)




Common approximations
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0G(3,2) _.0G71(5,6)
su(4) —G3,5) du(4)

G(6,2) ~ G(3,4)G(4,2)

Ut (1) = u(l) + vy (1)
G.(1,2) = G(1,2) + G°(1, 3)ua(3)G.(3,2) +iG°(1, 3)v.(3, 4)

du(4+)
Go(1,2) = G°(1,2) + G°(1, 3)ua (3) Gy (3,2)+'I?GO(173)”C(3"1)5§JCE?§)2) ﬁi(lﬂ
i 5Gu(3,2)

Gu(1,2) = G°(1,2) + G°(1,3)ua(3)Gu(3,2) +iG°(1, 3)W,(3,5) Sua(5) Gu(3,5)G.(5%,2)

GW approx. (u — 0)
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— Electron-boson coupling

H = eycle+cec'gla+a") + wpa'a
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— The one-body spectral function of silicon
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Gu(1.2) = GO(1.2) 1 GO(1,3)uu(3)Ca(3.2) +iGO(1, 3y, (3,) 2 Cu (3 )2)

du (4

Following derivation from:
Marilena Tzavala et al., “Nonlinear response in the cumulant expansion for core-level photoemission”,
Phys. Rev. Research 2, 033147 (2020)



Gu(1.2) = GO(1.2) 1 GO(1,3)uu(3)Ca(3.2) +iGO(1, 3y, (3,) 2 Cu (3 )2)

du (4
Gcl — GO + GOUCIGCI Gcl = GH

_ __ 8G(12 - slightly more compact notation
G(12) = G (12) + GH(11)v(13) (12)

Su(3+) - highlight corrections wrt Hartree



du(4+)
GCl — GO + GOUCIGCI Gel = GH
- = 8G(12)
G(12) = GH(12) + GH(1T)v(13)—
(12) (12) + G (11)( )5u(3+)
Ban(tItz) - basis transformation:

orbitals
Sy (tfr) _. repeated indices summed

Gii(tir) = Gg(tll‘z) + GiL (t17) Vi



du(4+)
Gcl — GO + GOUCIGCI Gcl = GH
H Hom\ 73 (SG(IZ)
G(12) = G"(12) + G (D13 =
5(;nj(tTtZ)

Gii(tir) = Gg(tll‘z) + GiL (t17) Vi

Sup (t7)

y - Isolated (core) orbital
SGCC(t_ﬂZ) Approximation!
OUk (t3+) Neglect of overlap

Ge.(tity) = GL(t1ty) + iG™ (1153 veers



Su(@h)
Ga = G + GuqGy G = GH

G(12) = G*(12) + GH(II)U(B)(;Z(;?))

Gij(titz) = Gg(tll‘z) + G (t147) Vi B(S(ZZ EZJ?))

Geeltrta) = GIL(102) + 1GI (173 Yy e B

Sur (")

Ansatz: G..(t1tp) = ch(tltz)F(tltz) - inspired by electron-boson solution



8G __ 8G" H SF
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GH(ni)
Fhn)=1+ < -
GH(111)
§GH (1)  _ Ho- 5F(flt2)]
X Veckl ~——F(t1tr) + G .(t1t2) =
[ Sug (1}) Sug ()



5G __ 8GH H §F
— 5UF+G sU

sU
Gl (ni)
Fthh)=14i——
(t112) + lGﬁ(htz)
§GH (fitp) . _ v - SF(fit)
ce “—"LF(hinh) + G..(fit —
v kl|: S () (t112) (t1 2)3uk1(t1+)]

G'L(nt)
GH (11ty)

Supposing ng — (0 for k % c F(tltz) =1 + 1

with W. = W,cee - __ _ _
X [Wc(tim; WG (1174) G (Tata)F (f112)

H =
—|_UCCkl Gcc(tl ’ t2)

8F(t_1t2):|

Su (1;1)
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oU
GH(ni)
F =1
() =1+ o)
SGi(fltz) - H - 5F(t_1t2)i|
ce ——F (i) + G (it -
v kl|: S () (t12) (11 Z)Sukl(tf“)

G (1111)
GH (111p)

Supposing GH =0 for k #c Ftin)=1+1

and using W, = W,... - __ _ _
x [Wcam; )G (1112) G (fat )F (f112)

e i1 0
chcc(tl t4) = Uccccg(t‘ltl ) n GH (f ; )8F(flt2)j|
vCCkl ce 152 -
Sng (f4+) Su (1)
Supp (2])

+ Ucckl Veck!'l’



G.(11))
Ftin)=1+1—=
(t112) +lG§c(t1t2)

X [Wc(f_frf]; w)G'L(1154) G2 (412 F (£112)

_ SF (1t
"I'UccleZ(tla t2) ( 1 2)]

Su (1)



G (4t H l
Flhny) = 1+ i oo 1) Gecltit2) = t
Gglc(tltz) iexp(—ied(t; — 1) + ifz12 dtull (1))0(t — 1)

X [Wc(f_frﬂ; w)GL(114) G (atr)F (1112)

H /=
—l_vCCkl Gcc(tl 9 t2)

SF(t11) ]
Su (1)



G (4t H l
F(hi) = 1+ et Geeltit2) =
Gglc(tltz) iexp(—ied(t; — 1) + ifti2 dtull (1))0(t — 1)

X [Wc(ff“f4; w)GL(114) G (atr)F (1112)

_ SF (1t
"l_vccleZ(tla t2) ( : 2)]

Su (1)

5] 15}
Fhn)=1-— i/ dt / dt WC(ITI—FT;M)F(ITNQ)
h .’,‘_1

2 SF (it
— Ucckl [ dtl ( l-i)
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F(tn)=1— i[ dt [ dt Wc(l‘_l—i_‘l:; u)F(lTltz)
5] f

Lo SF(1it
— Vcckl f dtl ( 1—_|2_)
f Suk (1)




I55) i}
F(tn)=1— i[ dt [ drt WC(Z‘_{’_T; u)F(fltg)
N l‘_l

Lo SF(fqt
_vccklf s (t112)
4
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F(tn) = L) - inspired by exponential cumulant solution

[55) [55)
C(tity) = —i/ dt’/ dt W.(t' T u)
N T

2 SC(t't
_vcckl/ dT, (T 2)
I

Sug (/1)




5] 1)
Cot1t,) = —i f dt’ f dTW.(t'"7;u)
5] T’

— This is the linear response cumulant solution!!!




5] tr
C(t11r) = —i f dt’ f dtW.(t" i u)
I8 T/




0G,.(2,1')
5u01(3+)

Can be solved exactly in linear response and for the case of isolated orbital

C%T) — Gcﬁ'r)g(('r) F(t1 — to) = exp [—?Q /:2 dt’ /;2 dt”W(t’t”)]

indep. of ucl

Gu(la 1l) — Gcl(la 1,) + iGcl( Q)W*(Q g)



0G,.(2,1')
5’(1,.31(3_")

Can be solved exactly in linear response and for the case of isolated orbital

C%T) — Gcﬁ'r)g(('r) F(t1 — to) = exp [—?Q /:2 dt’ /;2 dt”W(t’t”)]

I —= 1 -
Alw) = —e “3 [(w —orE e + indep. of ucl

A 1
2 (w—2QF )2 +12

Gu(la 1l) — Gcl(la 1,) + iGcl( Q)W*(Q i_)))




0G,.(2,1')
5’(1,01(3_")

Can be solved exactly in linear response and for the case of isolated orbital

G(1) = Ga(T)F(T)  F(ti—ts) = eXp

—+ indep. of ucl

Gu(la 1l) — Gcl(la 1,) + iGCl( Q)W*(Q i_)))




— Cumulant expansion in bosons

L. Hedin, Physica Scripta 21, 477 (1980), ISSN 0031-8949.
L. Hedin, J. Phys.: Condens. Matter 11, R489 (1999).

P. Nozieres and C. De Dominicis, Physical Review 178,
1097 (1969), ISSN 0031-899X.

D. Langreth, Physical Review B 1, 471+ (1970).

Sodium: Aryasetiawan et al., PRL 77, 19¢

Silicon: Kheifets et al., PRB 68, 2003
In DMFT context: Casula, Rubtsov, Biermann, PRB 85, 035115 (2012)

Here: - the first in a series of approximations
— link to GW

— prescription for ingredients



GW = bad solution of reasonable hamiltonian

Cumulant expansion = better solution, also for more than 1 level

Exact, 2 levels GW Cumulant solution

—
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— The one-body spectral function of silicon

M. Guzzo et al., PRL 107, 166401 (2011) in collab. with J. Kas and J. Rehr, M. Silly and F. Sirotti
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State-of-the-art: photoemission of bulk aluminum
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puld

Zhou, Reining, Nicolaou, Bendounan, Ruotsalainen,Vanzini, Kas, Rehr, MGﬁtwiler,
Strocov, Sirotti, Gatti, PNAS 117 (46), 28596 (2020)
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State-of-the-art: photoemission of bulk aluminum
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We measure at 35-50 K

In Bandstructure region:
Shevchik, PRB 16, 3428 (1977);
PRB.20, 3020 (1979).
J. Braun, et al.,PRB 88, 205409 (2013).
C. Sondergaard, et al.,PRB 63, 233102 (2001).
P. Hofmann, et al., PRB 66, 245422 (2002).

Photoemission intensity

Binding energy (eV)



Measured spectrum contains also:
— ~ Cross sections
— ~ background

. extrinsic+interference



Measured spectrum contains also:
— ~ Cross sections

— ~ background

L Scattering of outgoing photoelectron
— CAUIIDIUTIICIITITIILE - enhancement of satellites

00,0
for both intrinsic

and ext./interf.
W. Bardyszewski and L. Hedin, Q
Physica Scripta 32, 439 (1985)

L. Hedin, J. Michiels, J. Inglesfield,
PRB 58, 15565 (1998).




State-of-the-art: photoemission of bulk aluminum
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Zhou, Reining, Nicolaou, Bendounan, Ruotsalainen, Vanzini, Kas, Rehr, Muntwiler, Strocov, Sirotti, Gatti,
PNAS 117 (46), 28596 (2020)
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— strong correlation (degeneracy)

- linear response????

— Satellites
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0G,(2,1')

Gu(1.1) = Ga(1. 1) +iGa(1, 2) N5 (2.3)




0G,.(2,1')
5’(1,01(?)_")

Gu(1,1) = Ga(1,1') + iGer(1,2) W, (2, 3)

Isolated orbital:

Marilena Tzavala et al., “Nonlinear response in the cumulant expansion for core-level photoemission”,
Phys. Rev. Research 2, 033147 (2020)



[55) [55)
C(hity) = —if dr’/ dt W.(t'"t;u)
N T

¢ SC(t't
_vcckl/ dT, (T 2)
I

S (T/1)

1) 15}
Cttr) = —i [ dt’ / dtW.(t'" T u)
I T/



[55) [55)
C(hity) = —i/ dt’/ dtW.(t" t;u)
N T

2 SC(t't
_vccklf dT, (t 2)
51

S (T/1)

1) 15}
C 1) = —i[ dr’[ dtW.(t'Tt;u)
n T/




tr T 7 5WC 7/ ;
Cl(tllz) = ivcckl/ d‘L’/ df// dr. (T7z;u)
hn 5] N

Sug (1)

cf G. D. Mahan, Phys. Rev. B 25, 5021 (1982)



o e G
C'(tr) = ivcck,/ df/ dt/f dt" (Tt u)
4 h 5]

Sug (1)

[5) o
—|—l/ dt Z Vcck I, Ueck,,l,,
n m=1
—1)lm+l) pr [
U
(m+1)! J, h
8ch(T’ Tm)

cf G. D. Mahan, Phys. Rev. B 25, 5021 (1982)

Sug,1,(T")Upy1, (T1) - - - Sy, 1, (Try—1)



: 2 G T SWa(T' T 1)
C (1) = ivcckl/ d‘L’/ d‘L’/f do
hn 5] N

Sug (1)

[5) o
—|—l/ dt Z Vcck I, Ueck,,l,,
n m=1
—1)lm+l) pr [
U
(m+1)! J, h
8ch(T’ Tm)

cf G. D. Mahan, Phys. Rev. B 25, 5021 (1982)

- is it necessary to go beyond C*?

Sug,1,(T")Upy1, (T1) - - - Sy, 1, (Try—1)



: £ g 5 LOW(T' T u)
C (1) = ivcckl/ d‘L’/ d‘L’// drt
hn 5] N

Sug (1)

[5) o
—|—l/ dt Z Vcck I, Ueck,,l,,
n m=1
—1)lm+l) pr .
U
(m+1)! J, h
8mW0(‘C’ Tm)

cf G. D. Mahan, Phys. Rev. B 25, 5021 (1982)

- is it necessary to go beyond C*?

— how to use this expression?

Sug,1,(T")Upy1, (T1) - - - Sy, 1, (Try—1)



t v 7 5Wc 7/ ;
Cl(tltz) = ivcckl/ d‘L’/ df// dr. (T7z;u)
hn 5] N

Sug (1)

15 T
C(ti1tp) = —i/ d‘L’/ dt' W.(r, 1))
h 5]

1) =
+ l/ dT § UCCklll S vCCkmlm
i m=1

(_1)(m+l) T T
X —/ dr’---/ P
(m+ 1)' 5] 4]

3"We(t, T)

Sutg,1, (T )0up,, (T1) - - - Sug, 1, (Tru—1)

Wc(t1+I4) — chcc(tl_i_t4) = Uccccg(t4t1+)

ong(t4)
Suy (t7)

i Ueckl Ueck'I!

cf G. D. Mahan, Phys. Rev. B 25, 5021 (1982)

- is it necessary to go beyond C*?

— how to use this expression?

would suggest
to integrate density response to all orders.



tr T 7 5Wc 7/ ;
Cl(tltz) = ivcckl/ d‘L’/ df// dr. (T7z;u)
hn 5] N

Sug (1)

15) T
G / Je / 47 Wz, ) cf G. D. Mahan, Phys. Rev. B 25, 5021 (1982)
5] 5]

1) o0
—I-i/ dfzvccklzl ©* Veckply o
h m=1 - is it necessary to go beyond C*?
(_1)(m+l) T / T
T m 1) /tl dv /tl AT — how to use this expression?
6"We(z, Tn)

Sutg,1, (T )0up,, (T1) - - - Sug, 1, (Tru—1)

Wt 14) = Weeee(t]84) = VeeecS(tat]") would suggest
Sng (1) to integrate density response to all orders.

Supy ()

—l_ Veckl Veck'l
BUT we are not causal — and used that!



Impose correct analytic properties by extending exact lowest order relation to all orders:

: * dw veiRe[An;i(w)]
Crpr(t1t2) = —iVecec(ta — 1) + f J J
o T )

X [ 4wt — 1) — 1]

To lowest order we have:

CUt112) = —iVeeee(ts — 1)
[OO dw VecijRe Anf(w)
+
0 s

flo,ta —11) f(w, 1) = (e +iwt — 1)



Impose correct analytic properties by extending exact lowest order relation to all orders:

: * dw veiRe[An;i(w)]
Crpr(t112) = —iVccec(ty — 1) + f J J
o T )

X [ 4wt — 1) — 1]

To lowest order we have:

CUt112) = —iVeeee(ts — 1)
[OC’ dw VecijRe Anf(w)
+
0 s

flo,ta —11) f(w, 1) = (e +iwt — 1)



When would you expect to see non-linear effects?
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— when the boson is not fixed

H =epcle+ecTgla+a') + wpa'a
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When would you expect to see non-linear effects?

— when the boson is not fixed
— when a change in the density changes the reponse

— when the charge induced in linear response changes the response of the system
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H = €0e’¢ 4+ 20y + Xty — Uiy — t(E52 + ¢ 84)

Isolated orbital:
Marilena Tzavala et al., “Nonlinear response in the cumulant expansion

for core-level photoemission”,
Phys. Rev. Research 2, 033147 (2020)



H = &' + €2ty + €y, — Unpig — 1(E18y 4 ¢ 24)

Isolated orbital:
Marilena Tzavala et al., “Nonlinear response in the cumulant expansion

for core-level photoemission”,

Phys. Rev. Research 2, 033147 (2020)
“- when the charge induced in linear response
changes the response of the system”



Exact

CDR —

DR ———

Line%r response
U” correction

H = €0'¢ 4 0y + €Xity — Unpiyg — (&2, + &/ ¢4)

3 U=1
Isolated orbital: -
Marilena Tzavala et al., “Nonlinear response in the cumulant expansion il
for core-level photoemission”,
Phys. Rev. Research 2, 033147 (2020) ;
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Exact
CDR —
TDR ——

H = &' + €2ty + €y, — Unpig — 1(E18y 4 ¢ 24)

|solated orbital:

Marilena Tzavala
for core-level pho
Phys. Rev. Reseat

— for small system, LR cumulant meaningless
- (except for environment)

- beyond LR “knows” this

— no longer simple electron-boson

— our approx promising for moderate coupling

— TDDFT can be used
V4

25

1.5

Line%r response
U

correction
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Go beyond in Dyson equation ?

Dyson equation: approximate 2’

Hedin's equations
L. Hedin, “New method for calculating the one-particle Green’s function with application to
the electron-gas problem,” Phys. Rev. 139:A796-823, 1965

One should expect that in principle this should yield non-linear response
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This is approx. contained in the LR cumulant
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This is approx. contained in the LR cumulant

SW SW—1 This is a higher order vertex correction
=-W
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14
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See also A. Schindlmayr and R. W. Godby, Phys. Rev. Lett. 80, 1702 (1998)
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GW approximation and linear response

. . . - GW and cumulant: ~ effective e-boson ham
1. Introduction to the GW approximation

- GW bad solution of that ham
2. Formal derivation of the GW approximation

- sometimes ham bad
3. From GW to cumulant Green'’s functions

4. Non-linear response cumulant approximatic _, for small system, LR cumulant meaningless
5. Model results — (except for environment)

6. Discussion: vertex corrections — beyond LR “*knows” this

7 Conclusions? — no longer simple electron-boson
. Conclusions”

— our approx promising for moderate coupling

— TDDFT can be used
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